The propagation of flexural gravity waves, routinely used to model wave interaction with sea ice, is studied, including the effect of compression and current. A number of significant and surprising properties are shown to exist. The occurrence of blocking above a critical value of compression is illustrated. This is analogous to propagation of surface gravity waves in the presence of opposing current and light wave propagation in the curved space-time near a black hole, therefore providing a novel system for studying analogue gravity. Between the blocking and buckling limit of the compressive force, the dispersion relation possesses three positive real roots, contrary to an earlier observation of having a single positive real root. Negative energy waves, in which the phase and group velocity point in opposite directions, are also shown to exist. In the presence of an opposing current and certain critical ranges of compressive force, the second blocking point shifts from the positive to the negative branch of the dispersion relation. Such a shift is known as the Hawking effect from the analogous behaviour in the theory of relativity which leads to Hawking radiation. The theory we develop is illustrated with simulations of linear waves in the time domain.
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Introduction
In recent decades, there has been a significant interest in wave interaction with very large floating structures motivated by the utilization of ocean space for various humanitarian and military operations [1] . A parallel
branch of study is the wave interaction with a floating ice sheet which began with [2] . A common starting point for the study of both the very large floating structure and the ice sheet is the floating thin elastic plate model in which the interaction of surface gravity waves with the floating structures generates flexural gravity waves that propagate in the coupled floating elastic plate and fluid. Squire [3, 4] examined the state-of-the-art of wave-ice interaction and reported that most of the results for wave-ice interaction are equally applicable to the interaction of waves with very large floating structures, such as pontoons, floating airports and mobile offshore bases. The focus of these review articles and [5] was the scattering of surface gravity waves by homogeneous flexible plates of finite and semi-infinite lengths (see e.g. [6, 7] ).
We are interested here, not in the scattering problem, but in the simpler problem of propagation of flexural gravity waves. The study of plane flexural gravity waves goes back to [8] . investigated in detail ice-cover modelled as an elastic plate. Bukatov [13] studied the combined effect of current and compressive force on the generation of time-dependent transient flexural gravity waves due to the presence of time harmonic normal stresses acting on the free surface using a Fourier transform method in a homogeneous fluid of constant density in finite water depth. However, no numerical simulations of the solutions were provided. Davys et al. [14] interpreted and predicted flexural-gravity wave patterns in an ice plate due to a moving load following observations of vibrations produced by aircraft landing on a sea ice runway in Antarctica. In a companion paper to [14, 15] , the authors considered three additional modelling features, compressive stress, water flow and water stratification. The compressive stress reduces the phase speed corresponding to the critical load and alters the group speed ( [15] , fig. 2 ), a phenomenon which can be more important in thinner ice or under high compressive stress due to certain topographic features ( [16] , subsection 7.2.5). The water flow reoriented the flexural-gravity wave pattern relative to the direction of the moving load. The water stratification introduced residual internal waves and a drag at subcritical load speeds. Liu & Mollo-Christensen [17] analysed the effect of wave refraction at the ice-pack edge and the effect of a compressive force on the wave propagation and stability of the ice-pack. Bukatov & Zav'yalov [18] studied the wave scattering by a compressed floating ice sheet and for practical purposes limited all their analysis within certain limiting value of compressive force to avoid fracture in the ice sheet. The combined effects of current speed and compression on plane flexural gravity wave motion was studied by analysing the dispersion relation, phase and group velocities in [19] . Recently, Sutherland & Rabault [20] calculated the dispersion relation for landfast ice using sensors placed appropriately in the ocean, and significant wave attenuation is observed for waves with high frequency. Furthermore, the possibility of occurrence of high compressive stress at the ice edge during strong on-ice storms, an important feature of the present manuscript, is concluded in [21] . However, to the authors' knowledge no study has been reported on blocking of flexural gravity waves and occurrence of multiple positive roots in the dispersion relation associated with it.
We are interested here in the effect of current on flexural gravity waves. The interaction of surface gravity waves with current has many significant effects. It alters the direction of littoral transport in the coastal region [22] , provides significant resistance to the motion of ships [23] and affects the construction and installation of marine facilities [24] . Often, an opposing current will attenuate the amplitude of propagating waves and behave like a breakwater [25] . The interaction of gravity waves and opposing current reduces the group velocity which in turn reduces the wavelength. For sufficiently high opposing current, the group velocity can even go to zero and block the wave field. Near this blocking point, the wave crest increases in height, which leads to an increase in the potential energy of the wave. Simultaneously, the kinetic energy reduces (as group velocity decreases) to compensate for the increased potential energy. Hence, the wavelength becomes shorter as the wave approaches blocking point. Further, waves with relatively small amplitude can even be reflected near the blocking point [26] acting as a white-hole, which cannot be penetrated. As a result, the wave environment near the blocking point becomes very rough due to energy transfer and, consequently, this imposes difficulties in navigation and transiting such regions (which commonly occur in tidal inlet areas). The mathematical analysis
of the blocking phenomenon due to the interaction of opposing current was first described by Peregrine [27] using linear water wave theory. A series of experiments were performed by Ris & Holthuijsen [28] with the help of monochromatic waves to validate the blocking phenomenon. Further, a series of experiments on surface gravity wave blocking were performed by Chawla & Kirby [29] who demonstrated the importance of amplitude dispersion, as largeamplitude sideband instabilities prevent wave blocking. Chawla & Kirby [30] further extended the study to experimentally investigate energy dissipation for monochromatic and random waves and proposed an empirical bulk dissipation formula for the breaking of random waves. Apart from surface gravity waves, Phillips [31] predicted the phenomenon of wave blocking for capillary-gravity waves which was established analytically for one-dimensional waves by Shyu & Phillips [32] . Subsequently, Shyu & Tung [33] demonstrated a blocking effect for short deep-water gravity waves propagating obliquely upon a steady unidirectional irrotational current. On the other hand, using boundary layer theory, Trulsen & Mei [34] analytically established that the inclusion of surface tension reduces the wavelength, and a secondary reflection by the blocking point may occur. This kind of reflection is created by the secondary blocking point. The waves with negative energy (c g < 0) propagate and encounter the second blocking point from which they are reflected towards the first blocking point. This back and forth motion creates a very rough wave environment at the vicinity of the blocking point. Further, Maïssa et al. [35] analysed the blocking phenomenon for surface waves in the presence of a shear flow with constant vorticity.
There is a further remarkable phenomenon associated with wave-current interaction. It has been shown to have connections with the theory of black holes and with the Hawking effect [36] . Such a connection is termed analogue gravity and the Hawking effect is actually a result of classical physics which was overlooked in fluid mechanics prior to its discovery in astrophysics. One of the key ideas in the current work is to show that the Hawking effect also arises for water waves with an elastic surface under appropriate conditions. We give here a brief account of analogue gravity; for more details see [37] . In fluid mechanics, it is the antonym of black holes, white holes, where nothing can penetrate that is of significant importance and this is analogous to the blocking effects we have just discussed. There are many striking features of such systems which have classical analogues. Superradiance [38] is the enhancement of radiation coming out from a body or system. There exists an instability across Cauchy horizon [39] , a second horizon beyond event horizon that exists much closer to the space-time singularity, where the waves are infinitely blue-shifted, i.e. the crests of an incoming wave come very close to each other with magnified amplitude. However, the most famous feature is evaporation [40] , also known as the Hawking's effect or Hawking radiation. As mentioned previously, the Hawking's effect is actually a property of classical wave physics. The observation in classical systems, called analogue gravity, began with sound waves in a flowing fluid [41, 42] or the propagation of light in dielectric media [43] . Recently, analogue gravity has been extended to surface gravity waves [36, [44] [45] [46] [47] .
In the present manuscript, the study of [13, 15] is supplemented by analysing the dispersion relation associated with flexural gravity wave motion in the presence of compressive force to understand the dynamics of blocking of flexural gravity waves with/without current. Coalescence of roots of the dispersion relation and blocking dynamics are demonstrated graphically under deep-and shallow-water approximation from the general formulation in finite water depth. The wave characteristics within the threshold of blocking and the buckling limit are analysed to understand the behaviour of flexural gravity wave energy propagation.
In the presence of current and compressive force, within the range of the threshold of blocking and buckling limit, flexural gravity waves' analogue with black hole theory is demonstrated graphically which is a generalization of analogue gravity for water waves. Further, the dispersion relation is analysed to demonstrate the existence of multiple real roots and coalescence of these real roots within the aforementioned range. Moreover, the study is explored to obtain a threshold of compressive force beyond which instability in flow pattern will arise.
Mathematical formulation
In this work, we consider the mathematical model of an elastic plate floating on the water surface, which has been the subject of extensive study. This model is used to analyse floating ice sheets and very large floating structures. Our formulation is rather classical although we include compression which is often neglected. A thin elastic plate is assumed to be floating on the mean free surface of water of finite depth and the plate extends to infinity in all directions. Smallamplitude motions are considered and the problem is linearized. The three-dimensional Cartesian coordinate system with the (x-y)-plane being the horizontal plane and the z-axis being in the vertically downward direction is used. The fluid domain is assumed to be of finite depth h and occupies the region −∞ < x, y < ∞, 0 < z < h. The upper surface of fluid is assumed to be covered by the thin elastic plate of uniform thickness d and flexural rigidity EI acting under uniform compressive force N with E being Young's modulus, I = d 3 /(12(1 − ν 2 )) and ν is the Poisson's ratio. Moreover, it is assumed that there is a uniform flow of constant velocity q = (U, V, 0). Thus, under the assumption of small-amplitude water wave theory, there exists a velocity potential Φ(x, y, z, t) which satisfies the three-dimensional Laplace equation given by
along with the rigid impermeable bed condition given by
The linearized kinematic boundary condition on the plate-covered surface ( [5, 15] ) is given by
where ∇ = (∂/∂x, ∂/∂y). In the presence of in-plane compressive forces N acting on the floating elastic plate along the (x-y)-plane of a homogeneous floating elastic plate, the elastic plate deflection satisfies the thin plate equation given by (see [48] )
with p s being the external force acting on the floating plate and ρ p being the density of the plate. Under the assumption that the atmospheric pressure is constant and set to zero without loss of generality, p s reduces to the hydrodynamic pressure p(x, y, t) acting on the plate. Bernoulli's equation yields the linearized hydrodynamic pressure p(x, y, t) on the plate-covered mean surface as
where ρ is the density of homogeneous fluid. Substituting the value of p(x, z, t) into equation (2.4) yields
Eliminating η from equations (2.3) and (2.6) and using equation (2.1), the linearized plate-covered boundary condition on the mean free surface in the presence of uniform flow and compressive force is obtained as
where 
Plane wave characteristics
We are interested in the characteristics of monochromatic flexural gravity waves assuming that the surface displacement has wave height H and is given by
where k = (k x , k y ) with k x , k y being the components of the wavenumber in the x-and y-directions, respectively, x = (x, y) and k = k 2 x + k 2 y is the wavenumber of the plane progressive wave with angular frequency ω. Thus, the velocity potential Φ(x, y, z, t) in water of finite depth is given by
where the wavenumber k satisfies the dispersion relation
We simplify this dispersion equation by assuming that the wavelength of the waves is much larger than the thickness of the floating structure, following [15] , and assume that the term γ ω 2 is smaller than the other terms in the dispersion equation. We are therefore assuming that the elastic restoring force is much stronger than the inertial force. We now assume that the direction of wave propagation aligns with the x-axis and with the direction of the current. Therefore, the problem becomes two dimensional and the dispersion relation associated with flexural gravity wave motion in the presence of uniform current and compressive force in finite water depth
is the relative frequency and corresponds to the frequency in a frame co-moving with the fluid, which has four branches, namely ±σ (k) where
The dispersion relation associated with flexural gravity wave motion in two (equation (3.3)) and one dimension (equation (3.4)) remains the same except in the presence of current. The wave characteristics will be discussed here by analysing the dispersion relation associated with the one-dimensional wave motion as in equation (3.4).
Wave blocking in the absence of current
In the absence of current, assuming the deep water approximation, i.e. for |k|h 1, equation (3.4) reduces to
It is to be noted that the above dispersion relation matches with that obtained in [17] . Being a fifthdegree polynomial equation, equation (4.1) has five roots and we will analyse it here in detail for k > 0. A similar analysis will hold good for ω < 0 and k < 0 from the symmetry property of the dispersion relation. From equation (4.1), the phase velocity of the flexural gravity wave is obtained as
which vanishes for
Hereafter, we fix the physical quantities EI = Figure 1 . (a) Phase velocity never vanishes for Q < 2 √ Dg (green dotted and blue dashed curves) and attains zero minimum for Q = 2 √ Dg (red solid curve), which is the buckling limit of the compressive force. The point P corresponds to
√ Dg, phase velocity vanishes at two points, namely B and B for the green dashed curve, in between which no real frequency exists. Moreover, the modulation instability can be observed by the vertical frequency curve originating from B .
(Online version in colour.)
Blocking occurs when the phase velocity vanishes. From equation (4.3), it is clear that phase velocity will never vanish for Q < 2 Dg. On the other hand, the phase velocity attains zero minimum for Q = 2 Dg (the point P in figure 1a ) which is referred to as the critical compressive force Q c and the associated wavenumber is given by k c = (g/D) 1/4 (see [49] ).
Following Kerr [50] , we will refer to the critical value of the compressive force Q c for which phase velocity becomes zero as the buckling limit of the floating structure. Moreover, equation (4.3) reveals that beyond the buckling limit of the compressive force, i.e. for Q > Q c , there exist two distinct positive wavenumbers for which phase velocity vanishes. From equation (4.1), it can be easily proved that ω 2 becomes negative for all values of k between these wavenumbers and thus no real frequency will exist in this wavenumber region, leading in turn to the non-existence of flexural gravity waves. Figure 1b illustrates this point. We can see that, for Q > 2 Dg, there exists a range along the k-axis in which no real wave frequency could exist, e.g. ranges BB and CC for Q = 2.5 Dg and Q = 3 Dg, respectively.
It is interesting to note here the connection between our current work and that of Brunetti & Kasparian [51] where the propagation of wave groups was analysed in the context of weak nonlinearity using the nonlinear Schrödinger equation. Fig. 1 of Brunetti & Kasparian [51] shows a modulation instability, created in their context by wind forcing, which was subsequently shown experimentally (in a wave tank) to create rogue waves [52] . We are suggesting that an analogous effect due to the compressive force might occur for flexural gravity waves.
From equation (4.3), the group velocity c g associated with the flexural gravity wave motion is obtained as
Equation (4.4) reveals that the group velocity vanishes for
which yields wavenumbers merge to provide zero minimum in group velocity for Q = 20Dg/3, which we denote as Q cg following [15] . Further, it is observed that
The value of k for which c g attains zero minimum is referred to as the point of inflection or saddle point in the terminology of a dynamical system (see [45] ) and it is given by k cg = (g/5D) 1/4 (with Q = 20Dg/3). At this point of inflection, not only is the phase velocity zero but also no flexural gravity wave energy will propagate due to the occurrence of a null group velocity. For Q cg < Q < Q c there is a range in wavenumber space in which we have negative energy waves between two blocking points, i.e. the wavenumber of that wave lies in between the two blocking wavenumbers. As Q becomes larger than Q cg , the point of inflection A, as in figure 2a, bifurcates into two local extremes (points B 1 and B 2 in figure 2a) where group velocities vanish and these points are known as the blocking points where wave propagation takes place without transfer of wave energy. At these blocking points, the wave crest moves in the direction of wave
propagation, whereas the envelope of the wave does not move. Moreover, within the range of trapped energy zone, the dispersion relation possesses two complex roots and three distinct positive real roots except at the blocking points where two out of the three roots coalesce. From the point of view of a dynamical system, this kind of bifurcation is known as pitchfork bifurcation (as in [53] ). In our case, a single positive energy wave has become three waves with the negative energy wave in the middle. On the other hand, all three positive real roots of the dispersion relation coalesce at the point of inflection A in figure 2a. Moreover, for Q < Q cg , two of the positive real roots disperse into a complex plane to provide four complex roots and one real root. In the earlier study of [18, 49, 54] , although the critical value of compressive force for which group and phase velocities vanish was determined, a detailed analysis of wave blocking in this trapped energy zone was missing. Further, in this trapped energy zone, the occurrence of three real positive roots and their coalescence is contrary to the earlier assumption that the dispersion relation in equation (3.5) has a single positive real root (as in [18, 49] ). A similar phenomenon in the case of capillary gravity waves was observed in [45] where, under the action of opposing current on capillary-gravity waves, a similar pitchfork bifurcation occurs to produce two blocking points. Figure 2a demonstrates that, for Q = 1.9 Dg which is within the range (Q cg , Q c ), the dispersion relation, for the appropriate ω range, possesses three distinct positive real roots at A 1 , A 2 and A 3 . The value of the compressive force Q corresponding to the point of inflection A in figure 2a,b for which the group velocity vanishes is referred to as the threshold of blocking (as in [46] ). At the first blocking point, the group velocity changes sign from positive to negative, whereas the reverse change in the sign of group velocity occurs at the second blocking point. Between the two blocking points, group velocity changes direction from positive to negative and then from negative to positive.
Moreover, as the compressive force is increased, the first blocking point shifts towards a lower wavenumber, whereas the second blocking point shifts towards a higher wavenumber. This shift of blocking points has been proposed as being analogous to a shift of the horizon in the theory of black holes [36] . However, our analogue needs to be established in the Langrangian space-time and validated experimentally, as was done by Rousseaux et al. [36] .
Furthermore, equation (4.4) reveals that the group velocity becomes discontinuous and ceases to exist at Q = Q c when a cusp forms at a critical wavenumber which we refer to as k c . Figure 2b reveals that, for Q = 2 Dg, the group velocity becomes discontinuous along the dashed line between A and B , where A is the positive right limit and B is the negative left limit corresponding to k c . Thus, wave breaking will occur at the point P in figure 2b in which case the floating structure will collapse. This phenomenon of wave breaking is referred to as buckling of the floating structure. Moreover, figure 2a reveals that, for 0 < Q < Q cg , the dispersion relation possesses a single positive real root at A 0 . It was pointed out in [54] that, within the range Q cg < Q < Q c , fracture will be initiated and, for Q > Q c , fracture in the structure may occur. This is similar to the simpler case of surface gravity waves. Just prior to wave blocking, the wave amplitude grows and breaking occurs. Similarly, when flexural gravity wave blocking is initiated (Q = Q cg ), the amplitude grows until the breaking (buckling in the terminology of flexural gravity waves) occurs for Q = Q cg .
(a) Shallow water
We briefly consider the solution to the dispersion equation under the shallow water approximation, i.e. for |k|h 1. Thus, the dispersion relation in equation (3.4) yields 
Using a similar argument as discussed in the case of deep water, it is easy to derive that Q cg = 3Dg for which double root occurs at k cg = (g/3D) 1/4 . From the aforementioned discussion in deep and shallow water, it is obvious that for finite water depth the buckling limit Q c will remain the same, while, the value of the compressive force Q cg will lie between that of deep water and shallow water approximations in the absence of current, which can be easily checked numerically, but details are omitted to avoid repetition.
Wave blocking in the presence of current
While several authors have examined the effect of the compressive force on the dispersion relation for a floating elastic plate [15, 49, 50, 55] , there has been no discussion to include current flow except in the context of wave patterns due to a moving load [15] . In this section, we study the effect of current by analysing the flexural gravity wave dispersion relation (3.4). In figure 3 , the functions ω − Uk and ±σ (k) are plotted to demonstrate the characteristics of the roots of the dispersion relation with σ (k) being given by equation (3.5). We consider deep water with U = −3 m s −1 , Q = 1.99 Dg and the other parameter values as used previously. Figure 3 reveals that in the presence of opposing current, i.e. for U < 0, the dispersion curves rotate clockwise, while anticlockwise rotation can be found for positive current whose details are deferred here to avoid repetition. Moreover, depending on the choice of parameters, the straight line representing the relative frequency (ω − Uk) cuts the four branches of ±σ (k) at most at six points as in figure 3 , resulting in six real roots of the dispersion relation equation (3.4) . This is similar to capillary gravity waves and different from the case of surface gravity waves where there are only four real roots [46] .
Under deep water approximation, from equation (3.4), the phase and group velocities are obtained as
where n = 1 2
Equation (5.1) yields that the phase velocity vanishes for 4) and provides that the wavenumber k = k c for which buckling occurs satisfies the Ferrari equation Further, equation (5.2) yields that the group velocity vanishes for 6) and the point of inflection k cg satisfies the implicit equation
from which the value of the compressive force Q cg can be computed numerically when two positive roots of the above equation coalesce. In figure 4 , the positive real roots, phase and group velocities are graphically presented. Figure 4a reveals that with the introduction of opposing current, phase velocity reaches zero minimum for a smaller value of compressive force compared to the case of null current. Moreover, the group velocity vanishes at B and C where blocking occurs. It is interesting to observe that, for Q = 1.9727 Dg, the points C and P coincide, which ensures the existence of a wavenumber where both c and c g vanish. At this common point, c has a double root and c g changes sign from negative to positive, which means, after encountering first blocking point B, group velocity of the reflected wave from the blocking point becomes zero. This results in a situation where neither the wave nor the energy propagates. Thus, a still water situation is achieved and often these modes are termed as zero modes [56] . The point of inflection, where group velocity c g attains zero minimum, occurs at A for Q = 1.3263 Dg and U = −2 m s −1 which is lower than that for U = 0 as discussed in figure 2a . Figure 4b reveals that a new negative wavenumber k H with positive frequency and zero group velocity appears from the negative branch (corresponding to negative co-moving frequency) of the dispersion relation for 1.9727 Dg < Q < 2 Dg. This is due to the shifting of the second blocking point, appearing in the first quadrant at point C in figure 4a, to the second quadrant of figure 4b at C = (k H , ω(k H )). This phenomenon of shifting of the blocking point is analogous to the Hawking effect. In fact, while the Hawking effect was introduced to understand the possible radiation of energy from Black holes, it is a phenomena of classical wave physics that had been overlooked. Once it was discovered by Hawking, it has been observed in many classical systems which are often studied under the name analogue gravity. In the water wave context, the Hawking effect has already been observed in surface and capillary-gravity waves [ that as the dispersion relation is symmetric about ω = 0 for flexural gravity waves without current, the Hawking effect was not observed in figure 2a .
Next, wave blocking is discussed under shallow water approximation, i.e. kh << 1 in equation (3.4) . Here, the phase and group velocities are obtained as
The phase velocity vanishes for Figure 5 . In presence of opposing current, the point of inflection corresponds to A, whereas B 1 and B 2 correspond to blocking points. Moreover, point P correlates with the buckling limit. (Online version in colour.)
which yields that the wavenumber k = k c , at which buckling occurs, satisfies the biquadratic equation in k
Hence, the compressive force for which buckling occurs is given by Q c = 2 Dg(1 − U 2 /gh) with (5.9) yields that the group velocity vanishes for 13) and the point of inflection k cg satisfies the implicit equation in k as
The associated compressive force for the point of inflection can be computed numerically like in the case of deep water when the two positive roots of the above equation coalesce. However, the analytic implicit expression for k cg and Q cg are obtained as
and
In a similar manner for finite water depth, the buckling limit Q c is numerically computed as Q c = 1.99915 Dg occurring at kh ≈ 0.67 with an opposing current U = −2 m s −1 as point P in figure 5 . Moreover, the point of inflection A is observed at kh ≈ 0.47 for Q cg = 1.5758 Dg for the same opposing current. Figure 6 depicts the wave characteristics in the presence of following current. A comparison with figure 4a reveals that, for following current, the minimum in phase velocity never vanishes with change in compressive force in case of finite water depth. However, blocking occurs for certain compressive force as in figure 6 . As the opposing current reduces the wave frequency (through the Doppler shift), the corresponding effect causes a rotation of the dispersion graph for positive wavenumbers. The same rotation increases the frequency for negative wavenumbers as 
negative branches of the dispersion graph A P Figure 6 . In the presence of following current, the point P never touches the k-axis, which means wave buckling will never occur. However, the dispersion curve touches the negative k-axis which suggests that flexural gravity waves must propagate in the opposite direction to that of current for occurrence of buckling. interaction of an opposing current with waves having a negative wavenumber is equivalent to that between incoming waves and a following current. Figure 7 demonstrates that, in the absence of compressive force, blocking occurs only for opposing current, with A being the point of inflection where group velocity attains zero minimum. Under deep water approximation without compressive force, the critical value of current U * beyond which blocking occurs is found to be −[10{(8 √ 15)/3 − 10} 3 Dg 3 ] 1/8 . On the other hand, under shallow water approximation, U * = − gh, which is the same as that of surface/capillary gravity waves [46] .
Time-domain analysis
We can illustrate some of the phenomena we have discussed by simulating the propagation of linear wave packets in the time domain. The displacement of the floating plate is given by the rspa.royalsocietypublishing.org Proc. R. Soc. A 
where we think of ω as a function of k given by
At t = 0 we impose a given displacement written as the Fourier transform of a functionf (k)
We consider Gaussian wave packets given bŷ
where k a is the centre frequency and b is a spreading function. This choice is somewhat arbitrary, but the principle advantage of the Gaussian is that we have an exact formula for its Fourier transform which assists in debugging. Figures 8-11 show time-domain simulation for the parameter values b = 5000 and k a = 0.06. The latter value is chosen so that the Gaussian distribution of frequencies has its maximum at the point of buckling limit. In figure 8 , we have set the value of Q as Q = Dg which is below the point of inflection. In this figure, the behaviour is rather standard for dispersive systems in which the pulse broadens and moves to the right with time. In figure 9 , Q = 20Dg/3 and there is a value of k for which the group speed is zero. In this case, the pulse spreads but only the right-hand side moves rightwards. Figure 9 corresponds to the case where we have negative group velocity for Q = 1.8 Dg. In this case, the pulse spreads to both the left and the right. The final figure 11 shows the critical case for Q = 2 Dg in which there is a cusp in the group velocity. In this case, the pulse breaks into two parts, one propagating to the left and one to the right. Note that in all cases the phase velocity is positive.
In figures 8-11 , we have also plotted the surface displacement for the case of current with U = −2 m s −1 . The effect of this current is to slowly drag the solution leftwards. 
Applicability of the theory
We have shown here that the standard equations which are widely used to model both sea ice and very large floating structures, in the presence of current and compression, can exhibit blocking and the Hawking effect. However, it obviously does not follow that the parameter values for compression etc. are within the range that this phenomena could be observed in the sea ice of the Arctic or Southern oceans. Such a conclusion would require a detailed study of sea ice properties, which are known to be heterogeneous. We also note that while the Hawking effect has been observed in a number of different physical systems, all of these were carefully constructed in a laboratory environment. The observation of this effect in nature would be a significant and notable scientific achievement. However, given the wide variation in sea ice properties and conditions, it is difficult to imagine that there is not a regime where at least some of the phenomena described here could be observed. Before we give a detailed discussion of the application of our theory in geophysics, we briefly mention two other areas of application of our theory. The first is to very large floating structures [57, 58] , for which the material properties are the decision of engineering design. While those which have been built have generally been in calm water, there exists the possibility of future deployment in more extreme conditions. Even if these floating structures are assumed to be placed at very calm water locations, during extreme events the wind speed could exceed 200 km hr −1 . The phenomenon of blocking discussed here may be applicable in such situations. The second area of application is to laboratory experiments in which the conditions for the complex phenomena of blocking and Hawking radiation are artificially created. While challenging, this seems to us to be the most simple and direct application of our theory and it is analogous to the similar experiments conducted using capillary gravity waves. We note that extensive experiments on floating elastic plates have been performed already in the laboratory environment.
The most probably effect to be observed geophysically is the phenomena of blocking and negative energy waves. The study of Liu & Mollo-Christensen [17] , inspired by the report that the R/V Polarstern had encountered surface waves of large amplitude hundreds of kilometres inside the ice pack in the Waddell sea, proposed that wave blocking due to compression was responsible. The special case of the dispersion relation for deep water we present here matches with that of [17] . It is an open question whether the high compression stress required for blocking could exist but there is experimental evidence of high compressive stress at the ice edge during strong on-ice storms [21] . Furthermore, Sutherland & Rabault [20] calculated the dispersion relation for landfast ice using sensors placed appropriately in the ocean, and significant wave attenuation was observed for waves with high frequency.
The key to the present study it to consider the effect of wave currents and compression. To the best of the authors' knowledge, the effect of currents has not been considered in the interpretation of geophysical measurements. One of the conclusions of the present work is that the effect of a current can be significant and should be considered. Finally, we end with a discussion of the Hawking effect. We note that to observe this, we require a region where the current increases and where the compression is significant and this would require very special conditions. However, given the heterogeneous nature of sea ice and its seasonal variation, it seems reasonable that the possibility of finding the appropriate conditions to observe it exists.
Conclusion
In this study, the characteristics of flexural gravity waves were analysed in the presence of compression and current to understand the phenomenon of blocking. It was observed that for a certain value of the compressive force, there existed a point of inflection where blocking occurs which is similar to a phenomenon associated with capillary gravity waves with a current. Moreover, for a certain value of the compressive force, known as the buckling limit, the phase velocity vanished and the group velocity became discontinuous. With an increase in
the compressive force within the threshold of blocking and buckling limit, the point of inflection bifurcated into two blocking points and this led to the initiation of structural instability. Between the two blocking points, negative energy waves propagate. With an increase in the compressive force the blocking points shift their positions, which is analogous to the shift of the horizon in the theory of black holes. Within this trapped zone, the dispersion relation possesses three positive real roots, of which two of them coalesce at the point of blocking, and all the three roots coalesce at the point of inflection. This observation contradicts an earlier assumption that the dispersion relation associated with flexural gravity waves has a unique positive root. Beyond the buckling limit of the compressive force, the floating structure will be dynamically unstable and the wave characteristics are similar to the observation made in case of wind blowing over still water, referred to as Benjamin-Feir instability in the literature. For specific values of current and compressive force, neither wave nor energy propagates within the trapped energy zone, which is similar to a still water situation in case of gravity waves. In the presence of opposing current, shifting of the blocking point from the positive to the negative branch of the dispersion relation occurs which is analogous to the Hawking effect. This observation raises the possibility of analogue gravity experiments using flexural gravity wave propagation. While analogue gravity for capillary gravity waves has been established experimentally, the wavelength is of the order of centimetres/milimetres, while for flexural gravity waves the wavelength is of the order of metres which gives a different experimental regime.
